Low-Fresnel number optical systems exhibit significant diffraction effects that cause a shift in the peaks of on-axis irradiance away from the geometric focal point. This is currently interpreted as a change of the focal length of an optical system, leading optical system designers to compensate for the effect by assuming the image plane is coincident with the peak of on-axis irradiance. While this may be an appropriate interpretation for certain applications, I show that despite the shift in peak irradiance away from the geometrical focal point, a change in a system's optical power will not increase the on-axis irradiance at that distance. This is important for low-light level applications where it is necessary to mitigate diffraction induced transmission losses. I also show that low-Fresnel number systems have increased tolerance on system power at the geometrical focal point and as a result are inherently achromatic.
Introduction
The degree of an optical system's nongeometric nature can be determined by calculating its Fresnel number. As a system's Fresnel number drops below ∼10, diffraction increasingly affects optical propagation. For a simple optical system comprised of a coincident thin lens and circular aperture with an object located at infinity, the Fresnel number, FN, can be expressed as
where a is the radius of the aperture and ϕ is the optical power of the lens. Sheppard and Törörk [1] suggested a modified version of Eq. (1) that does not assume the system F=# is large. However, in practical macroscopic optical systems where a ≫ λ, values of F=# for low-Fresnel number systems are typically quite large, F=# ≫ 1; thus Eq. (1) is a reasonable approximation.
Particularly relevant topical examples of lowFresnel number systems are the extreme contrast adaptive optics systems used to support direct imaging of exoplanets. The wave front sensors for these systems will operate at over 2 kHz with subapertures as small as ∼8 cm, having Fresnel numbers as low as 0.6 at λ ¼ 700 nm [2] [3] [4] . Additionally, the high-cost sodium D 2 line excitation lasers used in astronomy require projection systems with Fresnel numbers ∼1 [5, 6] . Both applications are examples of low-light level optical systems that are extremely sensitive to transmission losses, including those caused by diffraction, and should be properly designed to make the best use of the available photons.
As the Fresnel number of an optical system decreases, the location of peak on-axis irradiance, Z p , shifts away from the geometric focal point, and for a positive lens, this shift is toward a system's exit pupil. Examples of the shift can be seen in Fig. 1 , where the normalized on-axis irradiance profiles for four different optical systems are presented, with z representing the distance from the exit pupil. For each of the different Fresnel number systems, 100, 10, 1, and 0003-6935/09/326259-05$15.00/0 © 2009 Optical Society of America 0.1, the ratio of Z p to the geometric focal length, 1=ϕ, is 1.000, 0.988, 0.598, and 0.095 respectively.
The three-dimensional irradiance distributions behind simple optical systems consisting of a coincident thin lens and aperture have been studied extensively, and theoretical derivations of Z p have been calculated (e.g., [7] [8] [9] [10] [11] [12] [13] ). In these previous studies, the shift of Z p away from the geometric focal point has been identified as a change in an optical system's effective focal length. This interpretation of Z p may be misleading, as I will show here that Z p does not necessarily coincide with the point of maximum irradiance at a desired observation distance.
Complex Amplitude and Irradiance Behind a Lens
The equation for the complex amplitude U for the geometry shown in Fig. 2 at a point P 0 behind an open aperture Σ at P 1 is given by [14] , Eq. 3-26,
where UðP 1 Þ can be expressed as
for a source at infinity incident on a thin paraxial lens of power ϕ at P 1 . Substituting Eq. (3) into Eq.
(2) and integrating over r, the expression for the on-axis complex amplitude at P 0 can be written as
ð4Þ Figure 3 shows the on-axis irradiance, IðzÞ ¼ jUðzÞj 2 , profiles behind a uniformly illuminated system with a 600 μm circular aperture and coincident thin lenses of different optical powers. Irradiance is maximized at an example observation distance of z ¼ 0:15 m by using a lens with ϕ exactly compensates for the path length difference between the on-axis point at the geometric focal distance and every point on the aperture. All of the phasors are lined up in the same direction, and upon integration, calculated irradiance is at a maximum. For any other lens, the phasors will not all be lined up, causing partial destructive interference and a loss of irradiance.
The irradiance distribution behind an optical system in the x − y plane at point P 0 can be calculated numerically point-by-point with an appropriate change in limits of integration and represents the point spread function (PSF) of the optical system. By examining the PSF's full width at half-maximum (FWHM) in combination with the on-axis irradiance at the observation distance, the relative encircled energy within a canonical λF=# ¼ λz=ð2aÞ diameter for different powers of lenses can be evaluated. For the optical system presented in Fig. 3 (λF=# ¼ 158:8μm), it was found that the FWHM of the PSF is minimized at 163:1 μm when ϕ ¼ 6:67 m −1 and only changes very slowly, with the FWHM expanding to 168:7 μm for lenses of no power and double the power-both having on-axis irradiances at z ¼ 0:15 m that are 45% of the ϕ ¼ 6:67 m −1 lens. Since the FWHM of the PSF changes by relatively small amounts, the encircled energy within λF=# is therefore proportional to the on-axis intensity and is maximized when a lens has optical power equal to the inverse of the observation distance.
Measurement of Irradiance Behind a Lens
I have experimentally verified the on-axis irradiance for the system presented in Fig. 3 at the point z ¼ 0:15 m with lenses of a range of optical powers. Figure 4 shows the optical layout of the experimental setup. A 600 μm circular pinhole aperture was illuminated with collimated light from a power stabilized laser source. A beam splitter and a photodiode were used to confirm the stability of the source irradiance. Uncoated spherical plano-convex lenses of various optical powers were placed in the beam such that the collimated light was incident on the planar side with the convex side in contact with the aperture. This lens configuration avoids condensation of light before the aperture, and for the shortest focal length lens, there is a negligible, ∼10 −4 wave, amount of added spherical aberration. An 8 bit complementary metal-oxide semiconductor (CMOS) detector (PixeLink PL-B781F) with 3:5 μm pixels observed the two-dimensional irradiance distribution at z ¼ 0:15 m. The detector was configured to give a linear response with respect to intensity, and the analog-todigital converter dominated the measurement and shot noise. Figure 5 shows the theoretical and measured on-axis irradiance at this distance as a function of inverse power for different lenses. Deviations of the measured points from the theoretical curve are likely due to systematic errors (e.g., nonperfect collimation or manufacturing errors in aperture size.) The on-axis irradiance at z ¼ 0:15 m is found to be maximized when ϕ ¼ 6:67 m −1 ¼ ð0:15 mÞ −1 .
Design Implications
For low-light level low-Fresnel systems where mitigation of diffraction losses is important, it is therefore important to consider placing a detector at the geometrical focus of an optical system to maximize the amount of light on the detector. This result was also found by Carter [15] for propagating Gaussian beams. He found that a laser communications telescope (FN ∼ 0:08) transmits the maximum possible intensity to a receiver when designed such that the geometrical focus is placed at the receiver. Carter, however, was more interested in mitigating the detrimental effects of having Z p close to the transmitting telescope (e.g., thermal blooming and other nonlinear effects) than actually maximizing transmission to the receiver and therefore suggested a "focal shift correction in systems design" to instead adjust the optical power of the transmitting telescope such that Z p occurred at the receiver. Even though there was diminished intensity at the receiver, this precluded any higher irradiance before the receiver. Choosing to place a detector in an optical system at Z p , and not at the geometrical focus, has been used by Ruffieux et al. [16] to claim that microlens systems of low-Fresnel number, such as Shack-Hartmann wavefront sensors, can be designed to be achromatic with a single lens material. Ruffieux et al. show how the change in effective lens power at different wavelengths introduced by the wavelength dependent index of refraction of the lens material can be offset by the change in Z p as a function of wavelength. While this does not cause the location of Z p to change with wavelength, there is a loss of over 50% in on-axis irradiance for a FN ∼ 1 optical system by placing a detector at Z p instead of adjusting the power of an optical system such that the geometrical focus is located at the detector. The consequences of this design choice should be considered carefully for low-light level systems, as the apparent benefit may be offset by severe irradiance losses.
Additionally, the perceived chromatic errors of lowFresnel number optical systems cited by Ruffieux et al. have been overstated. Figure 6 shows the onaxis irradiance at z ¼ 0:15 m as a function of lens power for the different Fresnel number systems described in Fig. 1 . For a decrease in irradiance of 5% for the FN ¼ 100 system, 1=ϕ can change by at most AE0:27%. However, for the systems of FN ¼ 10, 1, and 0.1, the tolerance on 1=ϕ is increased to AE2:5%, −20 to þ33%, and −71% to no power, respectively, for the same loss of irradiance. Not only does the tolerance on optical power for low-Fresnel number optical systems alleviate manufacturing tolerances on the radius of curvature of optical surfaces, but it also translates to increased achromatic properties. At the observation distance, the change in lens material index of refraction as a function of wavelength can be interpreted as a wavelength dependent error in lens power. For the interface between a glass lens and air,
where RoC is the radius of curvature of the lens surface. As the Fresnel number decreases, the tolerance on optical power increases and the irradiance losses over the operating wavelength bandwidth decrease. For example, at the interface between air and a lens made of N-BK7 (n d ¼ 1:51680 and n F − n C ¼ 0:008054) with a geometrical focal distance of 0:15 m, Δð1=ϕÞ ¼ AE0:8% over λ ¼ 486 to 686 nm. For a FN ¼ 100 optical system, there would be an irradiance loss of ∼57% at each end of the wavelength range. However, for a FN ¼ 1 optical system, there would only be an irradiance decrease of <0:01% at each end of the wavelength range. Therefore there is little need to correct for chromatic effects in low-Fresnel number optical systems.
Conclusion
It has been shown that despite the shift in peak irradiance away from the geometrical focal point for lowFresnel number optical systems, on-axis irradiance at an observation distance is maximized by designing a system such that the geometrical focal point is coincident with the observation distance. The FWHM of the PSF at this point changes very weakly with a change in optical system power, and therefore encircled energy within a canonical λF=# diameter is also maximized when the on-axis irradiance is maximized. This is an important consideration when designing low-light level low-Fresnel number systems that are sensitive to diffraction induced transmission losses. Additionally, all low-Fresnel number optical systems benefit from an increased tolerance on optical system power at the geometrical focus, which both eases manufacturing tolerances on the radius of curvature of optical surfaces and makes the systems inherently achromatic.
